In this paper, we extend a result of Eisenbud-Reeves-Totaro in the frame of ideals of Borel type. As a consequence, we obtain a linear upper bound for the regularity of a new class of ideals, called D-fixed ideals.
Introduction.
Let K be an infinite field, and let S = K[x 1 , ..., x n ], n ≥ 2 the polynomial ring over K. Bayer and Stillman [2] note that a Borel fixed ideals I ⊂ S satisfy the following property: ( * ) (I : x ∞ j ) = (I : (x 1 , . . . , x j ) ∞ ) f or all j = 1, . . . , n.
Herzog, Popescu and Vladoiu [6] say that a monomial ideal I is of Borel type, if it satisfy ( * ). We mention that this concept appears also in [3] as the so called weakly stable ideal. Herzog, Popescu and Vladoiu proved in [6] that I is of Borel type, if and only if for any monomial u ∈ I and for any 1 ≤ j < i ≤ n and q > 0 with x q i |u, there exists an integer t > 0 such that x t j u/x q i ∈ I. In the first section of our paper, we prove that if I is an ideal of Borel type, then I ≥e = the ideal generated by the monomials of degree ≥ e from I, is stable whenever e ≥ reg(I) (Theorem 1.5). This allow us to give a generalization of a result of Eisenbud-Reeves-Totaro (Corollary 1.8).
In the second section, we introduce a new class of monomial ideals, called D-fixed ideals, which are sums of various d-fixed ideals , introduced in [4] (see also Section 2). A.Imran and A.Sarfraz show in [8] that an ideal of Borel type I ⊂ S has the regularity upper bounded by n · (deg(I) − 1) + 1, where deg(I) is the maximum degree of a minimal generator of I. In particular, this holds for D-fixed ideals , since any D-fixed ideal is a Borel type ideal (Proposition 2.3).
A formula for the regularity of a principal d-fixed ideal , i.e a the smallest d-fixed ideal which contain a monomial u ∈ S, was given in [4, Theorem 3.1] . This result together with Corollary 1.6 allow us to give a new proof to the fact that a D-fixed ideal I has the regularity upper bounded by n · (deg(I) − 1) + 1 (Corollary 2.5). Also, Example 2.7 show that the family of all d-fixed ideals is strictly included in the family of D-fixed ideals , which is, also, strictly included in the family of ideals of Borel type.
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1 A stable property of Borel type ideals. Remark 1.2. For any monomial u ∈ S we denote m(u) = max{i : x i |u}. For any monomial ideal I ⊂ S, we denote m(I) = max{m(u) : u ∈ G(I)}, where G(I) is the set of the minimal generators of I. Also, if M is a graded S-module of finite length, we denote s(M) = max{t : M t = 0}.
Let I ⊂ S a Borel type ideal. In [6] , it was defined a chains of ideals as follows. We let I 0 = I. Suppose I ℓ is already defined. If I ℓ = S then the chain ends. Otherwise, we let n ℓ = m(I ℓ ) and set I ℓ+1 = (I ℓ : x ∞ n ℓ ). Notice that r ≤ n, since n ℓ > n ℓ+1 for all 0 ≤ ℓ < r.
is the ideal generated by G(I ℓ ). Also, using (1), [6, Corollary 2.5] gives a formula for the Mumford-Castelnuovo regularity of I, more precisely, Proof. Note that reg(I) = s(S/I) + 1, therefore, if e ≥ reg(I) then I ≥e = S ≥e , thus I ≥e is stable. Theorem 1.5. Let I ⊂ S be a Borel type ideal and let e ≥ reg(I) be an integer. Then I ≥e is stable.
Proof. We use induction on r ≥ 1, where r is the length of the sequential chain of I. If r = 1, i.e. I is an artinian ideal, we are done from the previous lemma.
Suppose now r > 1 and let I = I 0 ⊂ I 1 ⊂ · · · ⊂ I r = S be the sequential chain of I. Let n ℓ = m(I ℓ ) for 0 ≤ ℓ ≤ r. Let J ℓ ⊂ S ℓ = K[x 1 , . . . , x n ℓ ] be the ideal generated by G(I ℓ ). Using the induction hypothesis, we may assume (I 1 ) ≥e stable for e ≥ reg(I 1 ). On the other hand, from (2) it follows that reg(I 1 ) ≤ reg(I), thus (I 1 ) ≥e is stable for e ≥ reg(I).
Since J Proof. By renumbering the variables, we can assume that each p ∈ Ass(S/I) has the form p = (x 1 , x 2 , ..., x r ) for some 1 ≤ r ≤ n. Therefore, by [8, Theorem 2.2], we may assume that I is an ideal of Borel type, and then we apply Corollary 1.8.
. We construct the sequential chain of I. We have I 0 = I and n 0 = m(I 0 ) = 3, therefore
Using (2), we get:
We will exemplify the proof of 1.5 for I. Let e ≥ 8 be an integer. Since (J 2 ) ≥e is obviously stable, it follows from 1.3 that (I 2 ) ≥e = (J 2 S) ≥e is also stable. Note that I 2 = J 
With this notations we have, the following generalization of so called Pardue's formula (see [1] , [7] and [6] We mention that this result was first obtained as a consequence of the proof of Pardue's formula by Herzog-Popescu [7] in the special case of a principal p-Borel ideal. 
